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29 October 2018
Abstract. We define a closure operation for ideals in a commutative ring
which has all the good properties of solid closure (at least in the case of equal
characteristic) but such that also every ideal in a regular ring is closed. This
gives in particular a kind of tight closure theory in characteristic zero without
referring to positive characteristic.
Introduction
The theory of tight closure, introduced by Hochster and Huneke ([7],[8],[9],
[10],[2]), is defined for rings containing a field of positive characteristic making use
of the Frobenius endomorphism. The main applications of tight closure are to ho-
mological conjectures. For example, with this technique it is quite easy to proof that
the invariant ring of an action by a linearly reductive group on a polynomial ring
is Cohen-Macaulay. This rests upon three facts of tight closure: colon-capturing,
persistence and the fact that every ideal in a regular ring is tightly closed.
There are several ways to extend this notion to rings containing a field of char-
acteristic zero, by declaring that an element belongs to the tight closure if and only
if this holds for almost all points with residue class field of positive characteristic,
where the relevant datas have to be expressed in an algebra over a finitely gener-
ated Z-algebra. Most results from tight closure pass then from the case of positive
characteristic to characteristic zero.
The theory of solid closure was introduced by Hochster in [5] in order to give
a closure operation defined for every Noetherian ring without referring to positive
characteristic. It coincides with tight closure if the ring contains a field of positive
characteristic under some mild finiteness conditions, and it contains tight closure
also in the case of a field of characteristic zero. However, a computation of Roberts
in [12] showed that regular rings of dimension ≥ 3 in characteristic zero are not
solidly closed. This “discouraging” result shows that solid closure “does not have
the right properties in equal characteristic zero” ([6, Introduction]).
This paper proposes another closure operation, called parasolid closure. Roughly
speaking, an element h belongs to the parasolid closure of (f1, . . . , fn) ⊆ R (where
R is local of dimension d), if the forcing algebra A for these datas is (universally)
parasolid: this means that every canonical element (given by parameters in R)
coming from Hd
m
(R) survive in Hd
m
(A).
We list the main properties of this closure operation (compare [9, Introduction]).
The parasolid closure is persistent and it lies inside solid closure. Every ideal in a
regular ring is parasolidly closed.
If the ring contains a field, then the contraction from a finite extension belongs
to the closure. This is not clear in mixed characteristic, and I have to admit
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that our closure operation has no effect on the homological conjectures in mixed
characteristic.
Over a field of positive characteristic it coincides with solid closure and hence also
with tight closure under some mild conditions. Though the definition of parasolid
closure does not refer to positive characteristic, reduction mod p is anyway a useful
method to prove results for parasolid closure in equal characteristic zero. The
theorem of Brianc¸on-Skoda holds for parasolid closure in equal characteristic zero
and we prove this with the help of the finiteness theorem of Hochster ([2, Theorem
8.4.1]. Moreover, parasolid closure contains tight closure in characteristic zero,
hence also colon capturing holds for it.
For a complete local Gorenstein ring we also define an ideal which coincides with
the tight closure test ideal in positive characteristic.
The content of this paper is as follows. Section 1 gives the concept of a parasolid
algebra and some characterizations in positive characteristic and in low dimensions.
Section 2 gives criteria for an algebra A over a complete local Gorenstein ring R to
be parasolid in terms of the module-sections HomR(A,R) and the order ideal in R.
We show that a regular complete local ring is in every parasolid algebra a direct
summand.
Section 3 introduce the closure operation and establishes its basic properties.
In section 4 we show that every ideal in a regular ring is closed. Rings with this
property will be called pararegular. Section 5 is concerned with the relation between
solid and parasolid closure and with tight closure in positive characteristic.
In section 6 we look at the intersection of the order ideals of all parasolid forcing
algebras. We show that for a complete local Gorenstein ring over a field of positive
characteristic this intersection is the same as the tight closure test ideal. In section 7
we give characterizations for pararegular rings in the case of a complete Gorenstein
ring.
In section 8 we express the datas which say that a paraclass vanishes in terms
of a finitely generated Z-algebra and equations. This gives relations between the
parasolid closure in positive characteristic, in zero characteristic and in mixed char-
acteristic. We show that the equations which define over a field a quotient singu-
larity in dimension two yield also in mixed characteristic examples of pararegular,
but non regular rings (this is a kind of reduction to the case of a field). We obtain
the Theorem of Brianc¸on-Skoda for parasolid closure in equal characteristic zero by
reduction to positive characteristic using Hochster’s finiteness Theorem. Further-
more we get from a result of Koh [11] a finite type criterion for universally parasolid
algebras.
In section 9 we describe results how parasolid algebras and the parasolid closure
behave in the fibers of a family, and derive from this as a special case that the tight
closure of an ideal in characteristic zero is contained inside the parasolid closure.
1. parasolid algebras
Let R denote a local Noetherian ring of dimension d with maximal ideal m. Due
to a theorem of Grothendieck we know that the local cohomology Hd
m
(R) 6= 0. El-
ements x1, . . . , xd ∈ R are called parameters if V (x1, . . . , xd) = V (m). A system of
parameters defines via Cˇech cohomology the element 1/x1 · · ·xd ∈ Hdm(R), and we
call such a cohomology class a canonical element or a paraclass. If R contains a field
K, then such a paraclass is 6= 0 (The proof for this is different for positive and zero
HOW TO RESCUE SOLID CLOSURE 3
charcateristic, see [2, Remark 9.2.4]). This is not known for mixed characteristic,
but at least there exist paraclasses 6= 0.
The main ingredient of the theory of solid closure is the concept of a solid algebra.
For a domain R, an R-algebra A is called solid if there exists a non-trivial R-module
homomorphism ϕ : A → R. If R is a local complete Noetherian domain, this is
equivalent with Hd
m
(A) 6= 0, see [5, Corollary 2.4]. In the following definition we
require the stronger condition that all the paraclasses coming from Hd
m
(R) shall
not vanish in Hd
m
(A).
Definition 1.1. Let R denote a local Noetherian ring of dimension d and let A
denote an R-algebra. A is called parasolid if the image of every paraclass 0 6= c ∈
Hd
m
(R) in Hd
m
(A) does not vanish.
Definition 1.2. Let R denote a Noetherian commutative ring and let A be an
R-algebra. We say that A is parasolid if Am is parasolid over Rm for every maximal
ideal m ⊂ R.
We say that A is universally parasolid (even if R is not Noetherian) if for every
local Noetherian ring R→ R′ the algebra A⊗R R′ is a parasolid R′-algebra.
Remark 1.3. The condition c 6= 0 is imposed only for mixed characteristic, for this
is not known in general. The paraclass c = 1/x1 · · ·xd ∈ Hdm(R) vanishes in H
d
m
(A)
(we will often say that it vanishes in A) if and only if (x1 · · ·xd)k ∈ (x
k+1
1 , . . . , x
k+1
d )
holds in A for some k ∈ N.
In the definition of universally parasolid it is enough to consider only complete
local rings, since completion does not change the d-th local cohomology. In equal
characteristic we have only to look at complete normal domains.
Some examples of parasolid algebras are gathered together in the following propo-
sition.
Proposition 1.4. Let R denote a commutative ring and let A denote an R-algebra.
In the following situations A is universally parasolid.
(i) R is a direct summand of A.
(ii) A is faithfully flat over R.
(iii) R contains a field and R ⊆ A is a finite extension (or R→ A is finite and
Spec A→ Spec R is surjective).
(iv) There exists A→ A′ such that A′ is a universally parasolid R-algebra.
Proof. We may assume that R is a local Noetherian ring of dimension d and we
have to show that A is parasolid.
(i). Let A = R ⊕ V . Then the cohomological mapping Hd
m
(R) → Hd
m
(A) =
Hd
m
(R)⊕Hd
m
(V ) is injective.
(ii). In the flat case we know that Hd
m
(A) = Hd
m
(R) ⊗R A. Since A is faithfully
flat, it is also pure and again the mapping is injective.
(iii). Let x1, . . . , xd be parameters of R and let (x1, . . . , xd)A ⊆ n be a maximal
ideal of A. Then x1, . . . , xd are parameters in An and their paraclass does not
vanish.
(iv) is clear. 
Proposition 1.5. Let R denote a local Noetherian ring of dimension d and let Rˆ
be its completion. Then an R-algebra A is parasolid if and only if A′ = A⊗R Rˆ is
parasolid over Rˆ.
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Proof. (Here I have to thank Prof. Storch for a hint) We know that Hd
m
(R) =
Hd
m
(Rˆ) and hence the mapping on the cohomology Hd
m
(A)→ Hd
m
(A′) = Hd
m
(A)⊗R
R′ is injective. Hence it is enough to show that the paraclasses coming from R and
from Rˆ are the same up to a unit. Let x1, . . . , xd be parameters in Rˆ and let a be
the ideal they generate. Since a is primary, it is the extended ideal of an ideal b in
R. The number of minimal generators does not change, hence b is also a parameter
ideal. Therefore (x1, . . . , xd) = (y1, . . . , yd), where yi ∈ R.
Then they define up to a unit the same paraclass. This can be proved by replacing
inductively xi by yi using [1, Exercises 5.1.10-5.1.15]. 
Over a complete local domain a parasolid algebra is solid, and in positive char-
acteristic these notions coincide.
Lemma 1.6. Let K denote a field of positive characteristic p and let R denote
a local Noetherian K-Algebra of dimension d. Let A be an R-algebra. Then the
following are equivalent.
(i) A is a parasolid R-algebra.
(ii) There exists a paraclass c ∈ Hd
m
(R) which does not vanish in Hd
m
(A).
(iii) Hd
m
(A) 6= 0.
Proof. (i) ⇒ (ii) and (ii) ⇒ (iii) are clear. (iii) ⇒ (i). Suppose there exists a
paraclass 1/(x1 · · ·xd) which does vanish in Hdm(A), and let c = a/(x
r
1 · · ·x
r
d) be
an element in Hd
m
(A). The vanishing of the paraclass means that there exists an
equation in Ax1···xd ,
1
x1 · · ·xd
=
a1
(x2 · · ·xd)k
+ . . .+
ad
(x1 · · ·xd−1)k
.
Let q = pe ≥ r and apply the e-th Frobenius to this equation. This shows that also
the paraclass 1/(x1 · · ·xd)
q vanishes, hence also c = 0. 
Corollary 1.7. Let K denote a field of positive characteristic p and let R denote
a local Noetherian K-Algebra of dimension d. Let A be an R-algebra. Then the
following are equivalent.
(i) A is universally parasolid.
(ii) A⊗R Rˆ/q is solid for every minimal prime of the completion Rˆ (his property
is called formally solid, see [5, Definition 3.2]).
If R is a complete local domain, then A is parasolid if and only if it is universally
parasolid.
Proof. (i) ⇒ (i) is clear, so assume that (ii) holds. Then from [5, Theorem 3.7] we
know that A′ = A ⊗R R
′ is solid for every Noetherian complete local domain R′
and 1.6 gives that A′ is parasolid. 
Example 1.8. Let R = K[[X,Y, Z]]/(XY,XZ), so that its spectrum is the union
of an affine plane and an affine line meeting in one point. Let A = K[[X,Y, Z]]/(X).
Then A is a parasolid R-algebra, but not universally parasolid.
The following proposition characterizes parasolid R-algebras A for low dimen-
sions (≤ 2) by Hd
m
(A) 6= 0. Note that the characterization is set-theoretical for
d = 0, topological for d = 1 and algebro-geometrical for d = 2.
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Proposition 1.9. Let R denote a local Noetherian ring of dimension d with max-
imal ideal m and let A denote an R-algebra. Then the following are equivalent.
d = 0.
(i) A is parasolid.
(ii) A 6= 0.
(iii) Spec A 6= ∅.
d = 1. Let x ∈ R be such that V (x) = V (m).
(i) A is parasolid.
(ii) H1
m
(A) 6= 0.
(iii) A −→ Ax is not surjective (this means that x
k 6∈ (xk+1) in A for all k ∈ N.)
(iv) D(x) = D(mA) ⊆ Spec A is not a closed subset.
d = 2.
(i) A is parasolid.
(ii) H2
m
(A) 6= 0.
(iii) D(mA) ⊆ Spec A is not affine.
Proof. Suppose d = 0. For every R-module M we have
H0
m
(M) = Γm(M) = {v ∈M : ∃n ∈ N such that m
nv = 0} =M .
In particular H0
m
(R) = R and 1 ∈ R is the only paraclass, and it vanishes in H0
m
(A)
if and only if A = 0. (ii) ⇔ (iii) is clear.
Suppose d = 1. (i) ⇒ (ii) is clear. The cohomology sequence is
0 −→ H0
m
(A) −→ A −→ Ax −→ H
1
m
(A) −→ 0
and this gives (ii)⇔ (iii). Since this is true for every parameter x ∈ R, we conclude
(ii) ⇒ (i). If A → Ax is surjective, then we have a closed embedding D(x) →
Spec A. On the other hand, consider A → A/a → Ax, where a is the kernel. If
D(x) is closed, then D(x) = V (a), but x is a unit in A/a, hence A/a ∼= Ax.
Suppose d = 2. (i) ⇒ (ii) is again clear. If (ii) holds, then H1(D(mA),OA) ∼=
H2
m
(A) 6= 0 and D(mA) is not affine.
(iii) ⇒ (i). Let x, y be parameters in R and assume that c = 1/xy vanishes in
H2
m
(A) = H2
mA(A). This means that there exists an equation
1
xy
=
a
xk
+
b
yk
, a, b ∈ A.
Hence we see that q = b/yk−1 = 1/x− ay/xk and p = a/xk−1 = 1/y − bx/yk are
functions defined on D(x, y) = D(mA) ⊆ Spec A. Furthermore we see that
1 =
a
xk−1
y +
b
yk−1
x = px+ qy ,
and this shows that D(x, y) is affine due to [4, Exercise II.2.17]. 
2. Order ideals
Let A denote an R-algebra. An R-linear homomorphism ϕ ∈ HomR(A,R) induce
a mapping on the cohomology Hd
m
(ϕ) : Hd
m
(A) → Hd
m
(R). These mappings are
useful in the study of Hd
m
(A), in particular if R is complete.
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Definition 2.1. Let A denote an R-algebra. The ideal
U(A) = {ϕ(1) : ϕ : A −→ R R-linear } ,
is called the order ideal of the algebra A.
Remark 2.2. It is clear that this is an ideal and that an element u ∈ R belongs
to U(A) if and only if u belongs to the image of some R-module homomorphism
A → R. The algebra A contains R as a direct summand if and only if 1 ∈ U(A).
The algebra A over the domain R is solid if and only if U(A) 6= 0.
Let R be a local Noetherian ring with residue class field k and let E be an
injective hull of k. Consider the Matlis-functor D(−) = HomR(−, E). Let M
denote an R-module. Then the mapping
Hd
m
(M) −→ D(D(Hd
m
(M))
is injective due to [1, Remarks 10.2.2]. This means that for an element 0 6= c ∈
Hd
m
(M) there exists an R-morphism ψ : Hd
m
(M) −→ E such that ψ(c) 6= 0.
If R is complete, then every R-module homomorphism E −→ E is the multipli-
cation by a scalar r ∈ R, see [1, Theorem 10.2.12]. If furthermore R is Gorenstein,
then E = Hd
m
(R) is an injective hull of the residue class field, see [1, Lemma 11.2.3].
Lemma 2.3. Let R denote a local complete Gorenstein ring of dimension d and
let A be an R-algebra. Then the mapping
HomR(A,R) −→ HomR(H
d
m
(A), Hd
m
(R)), ϕ 7−→ Hd
m
(ϕ)
is bijective.
Proof. We define an inverse mapping. Let ψ : Hd
m
(A) → Hd
m
(R) be R-linear and
let a ∈ A. Consider
Hd
m
(R)
i
−→ Hd
m
(A)
a
−→ Hd
m
(A)
ψ
−→ Hd
m
(R) .
The whole mapping is multiplication by an element r ∈ R, and we set ϕψ(a) := r.
This gives an R-linear mapping ϕψ : A→ R.
Let ϕ : A→ R be given. Then
(Hd
m
(ϕ) ◦ a ◦ i)(
s
x1 · · ·xd
) = Hd
m
(ϕ)(
as
x1 · · ·xd
) =
ϕ(a)s
x1 · · ·xd
,
so this is multiplication by ϕ(a).
Let ψ : Hd
m
(A)→ Hd
m
(R) be given and let ϕψ as just defined. Then
Hd
m
(ϕψ)(
a
x1 · · ·xd
) =
ϕψ(a)
x1 · · ·xd
= ψ(
a
x1 · · ·xd
) .

Lemma 2.4. Let R denote a complete local Gorenstein ring of dimension d and
let A be an R-algebra. Let c ∈ Hd
m
(R). Then the following are equivalent.
(i) i(c) 6= 0 in Hd
m
(A).
(ii) There exists a homomorphism ϕ : A → R such that 0 6= Hd
m
(ϕ)(i(c)) ∈
Hd
m
(R).
(iii) There exists an element u ∈ U(A) such that uc 6= 0 in Hd
m
(R).
(iv) U(A) 6⊆ AnnR c.
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Proof. (i) ⇒ (ii). From Matlis duality we know that there exists ψ : Hd
m
(A) →
Hd
m
(R) such that ψ(c) 6= 0. Due to 2.3 this mapping is induced by ϕ : A → R.
Suppose (ii) holds. Then u = ϕ(1) satisfies (iii). From (iii) to (i) is clear, and (iii)
and (iv) are the same. 
Corollary 2.5. Let R denote a complete local Gorenstein ring of dimension d and
let A be an R-algebra. Then the following are equivalent.
(i) A is parasolid.
(ii) U(A) is contained in no annihilator of a paraclass.
Proof. Follows from 2.4. 
There exists always a class c ∈ Hd
m
(R) (in general no paraclass) such that its
annihilator is AnnR c = m.
Corollary 2.6. Let R denote a complete local Gorenstein ring and let c ∈ Hd
m
(R)
be a class such that Ann c = m. Let A denote an R-algebra. Then the following
are equivalent.
(i) R is a direct summand in A
(ii) The mapping i : Hd
m
(R)→ Hd
m
(A) is injective.
(iii) i(c) 6= 0 in Hd
m
(A).
(iv) U(A) = R.
Proof. (i) ⇒ (ii) and (ii) ⇒ (iii) are clear. (iii) ⇒ (iv). Let i(c) 6= 0. From 2.4 we
know that U(A) 6⊆ Ann c = m, hence U(A) contains a unit and then U(A) = R.
(iv) ⇒ (i) is clear. 
Lemma 2.7. Let R denote a local complete Gorenstein ring of dimension d and
let A denote an R-algebra. Let i : Hd
m
(R) → Hd
m
(A) denote the mapping on the
local cohomology. Let u ∈ R. Then the following are equivalent.
(i) u ∈ U(A).
(ii) u ∈
⋂
c∈Hd
m
(R)(AnnR c : AnnR i(c)) .
(iii) u annihilates kern i.
Proof. Suppose that (i) holds, say u = ϕ(1). Let r ∈ R and suppose that ri(c) = 0
in Hd
m
(A). Then 0 = ϕ(ri(c)) = urc = and ur annihilates c.
Suppose that (ii) holds, and let i(c) = 0. Then Ann i(c) = R and Ann (c) : R =
Ann (c), hence u ∈ Ann (c).
Suppose that (iii) holds. We have an injection Hd
m
(R)/ kern i →֒ Hd
m
(A). Due
to the condition multiplication on Hd
m
(R) by u factors through Hd
m
(R)/ kern i →
Hd
m
(R). Since Hd
m
(R) is an injective module for a Gorenstein ring, there exists also
an extension Hd
m
(A) → Hd
m
(R). This mapping comes from a mapping ϕ : A → R
and it must hold ϕ(1) = u. 
Lemma 2.8. Let R be a Noetherian local Cohen-Macaulay ring of dimension d
and let x1, . . . , xd be parameters. Then the annihilator of the paraclass 1/x1 · · ·xd
is just (x1, . . . , xd).
Proof. Every system of parameters is a regular sequence ([2, Theorem 2.1.2]). Con-
sider the exact sequence 0 → R
xd→ R → R/(xd) → 0. The last part of the long
exact sequence is
0 −→ Hd−1
m
(R/(xd)) −→ H
d
m
(R)
xd−→ Hd
m
(R) −→ 0 .
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Here 1/x1 · · ·xd−1 7→ 1/x1 · · ·xd, and the R-annihilator of these elements is the
same. Hence we do induction, where the beginning is clear, since H0
m
(R) = R for
R zero-dimensional and 0 = AnnR. 
The property that R is a direct summand of A is in general much stronger
than the property that A is parasolid. For complete regular rings however these
properties coincide. From this result we will deduce in section 4 that every ideal in
a regular ring is parasolidly closed.
Theorem 2.9. Let R be a complete regular local ring and let A be an R-algebra.
Then A is parasolid if and only if R is a direct summand of A.
Proof. Let m = (x1, . . . , xd), where d is the dimension of R. Then the annihilator
of the corresponding paraclass is exactly the maximal ideal m. If A is parasolid,
then due to 2.5 we know that U(A) 6⊆ m, hence U(A) = R. 
3. parasolid closure
Let R denote a commutative ring and let f1, . . . , fn and h be elements in R.
Then we call the R-algebra
A = R[T1, . . . , Tn]/(f1T1 + . . .+ fnTn + h)
the forcing algebra for the elements (or datas) f1, . . . , fn;h. The forcing algebra A
forces h ∈ (f1, . . . , fn)A and every R-algebra R → B such that h ∈ (f1, . . . , fn)B
factors through A.
Definition 3.1. Let R denote a commutative ring, let f1, . . . , fn ∈ R and h ∈ R
be elements. Let A denote the forcing algebra for these elements.
If R is local and Noetherian, then we say that h belongs parasolidly to f1, . . . , fn
if the forcing algebra A is parasolid.
We say that h belongs universally parasolidly to (f1, . . . , fn) if the forcing algebra
A is universally parasolid.
Lemma 3.2. Let R be a local Noetherian ring of dimension d and let f1, . . . , fn
and h be elements. Then the following hold.
(i) If h ∈ (f1, . . . , fn), then it belongs parasolidly to f1, . . . , fn.
(ii) If (f1, . . . , fn) ⊆ (g1, . . . , gm) and if h belongs parasolidly to f1, . . . , fn, then
it belongs parasolidly to g1, . . . , gm.
(iii) If h belongs parasolidly to f1, . . . , fn, then also rh belongs parasolidly to
f1, . . . , fn.
(iv) Let a ∈ (f1, . . . , fn). Then h belongs parasolidly to f1, . . . , fn if and only if
a+ h belongs parasolidly to them.
The same is true for R any Noetherian ring if we replace parasolidly by universally
parasolidly.
Proof. (i). Let h = r1f1 + . . .+ rnfn, ri ∈ R. This defines a section A → R, thus
R is a direct summand in A, hence A is parasolid. (ii) Let fi = ri1g1+ . . .+ rimgm
for i = 1, . . . , n. This defines a mapping
R[S1, . . . , Sm]/(g1S1 + . . .+ gmSm + h) −→ R[T1, . . . , Tn]/(f1T1 + . . .+ fnTn + h)
by sending Sj 7→
∑
i rijTi. This is well defined since
m∑
j=1
gjSj + h =
m∑
j=1
gj(
n∑
i=1
rijTi) + h =
n∑
i=1
(
m∑
j=1
rijgj)Ti + h .
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Since the algebra on the right is parasolid, so is the algebra on the left.
(iii). Here we use the mapping
R[S1, . . . , Sn]/(f1S1 + . . .+ fnSn + rh) −→ R[T1, . . . , Tn]/(f1T1 + . . .+ fnTn + h)
which sends Si → rTi.
(iv). Let a = a1f1 + . . .+ anfn. Then we use the mapping
R[S1, . . . , Sn]/(f1S1+ . . .+ fnSn+h) −→ R[T1, . . . , Tn]/(f1T1+ . . .+ fnTn+a+h)
where Si 7→ Ti + ai.
The corresponding statement for universally parasolidly follows. 
Definition 3.3. Let R denote a local complete Noetherian domain and let h ∈ R
and f1, . . . , fn ∈ R be elements. We say that h belongs to the parasolid closure of
f1, . . . , fn if there exists a chain of elements fn+1, . . . , fm = h such that fi belongs
universally parasolidly to f1, . . . , fn, . . . , fi−1 for i = n+ 1, . . . ,m.
Lemma 3.4. Let R denote a local complete Noetherian domain and let f1, . . . , fn
be elements. The elements which belong to the parasolid closure of f1, . . . , fn form
an ideal, which depends only on the ideal (f1, . . . , fn).
Proof. Let h belong to the parasolid closure. This means that there exists a
chain f1, . . . , fn, fn+1, . . . , fm = h, where fi belongs universally parasolidly to
f1, . . . , fn, . . . , fi−1 for i = n + 1, . . . ,m. This is also true if we replace h by
rh due to 3.2(iii). Let g be another element which belongs also to the parasolid
closure, and let f1, . . . , fn, g1, . . . , gk = g be a corresponding chain. Then also
f1, . . . , fn, fn+1, . . . , fm, g1, . . . , gk is such a chain due to 3.2 (ii), and then due to
3.2 (iv) also f1, . . . , fn, fn+1, . . . , fm, g1, . . . , gk + fm = g + h is such a chain. 
Definition 3.5. Let R denote a Noetherian ring and let I ⊆ R denote an ideal.
If R is a local complete domain, then we call the ideal just defined the parasolid
closure I⋆ of I.
For general R, we define I⋆ by the condition that h ∈ I⋆ if and only if this is
true for all Rˆm/q, where m is a maximal ideal m of R and q is a minimal prime of
the completion Rˆm (These rings are called the local complete domains of R).
Proposition 3.6. Let R denote a Noetherian ring and let I ⊆ R be an ideal,
I = (f1, . . . , fn). Let h ∈ R. Then the following hold.
(i) If h belongs universally parasolidly to I, then h ∈ I⋆.
(ii) I ⊆ I⋆
(iii) If I ⊆ J , then I⋆ ⊆ J⋆.
(iv) The parasolid closure is persistent: If h ∈ I⋆, then for every ring homo-
morphism R→ S, S Noetherian, it holds that h ∈ (IS)⋆.
(v) Suppose that R is a local complete domain. Then I = I⋆ if and only if no
h 6∈ I belongs universally parasolidly to (f1, . . . , fn).
(vi) (I⋆)⋆ = I⋆
(vii) h ∈ I⋆ if and only if h ∈ (IRm)⋆ for every localization at a maximal ideal
(or at a prime ideal).
(viii) h ∈ I⋆ if and only if h ∈ (IR/q)⋆ for every minimal prime ideal q of R.
(ix) Suppose that R is local. Then h ∈ I⋆ if and only if h ∈ (IRˆ)⋆.
Proof. (i) and (ii) are clear. In (iii) we may assume that R is a local complete
domain and then thid follows from 3.2(ii). (iv). Let S → S′ be a complete local
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domain of S. This mapping factors then through a complete local domain R′
of R, and in R′ there exists a chain for h as in the definition 3.3 and this gives
the chain in S′. (v) is clear, since every chain must start with an element which
belongs universally parasolidly to the ideal. (vi). Let h ∈ (I⋆)⋆ and let R′ denote
a local complete domain of R. Then (I⋆)R′ ⊆ (IR′)⋆ due to persistence and then
h ∈ (I⋆R′)⋆ ⊆ ((IR′)⋆)⋆. Hence we may assume that R is a local complete domain,
and the statement is clear from the definition by chains. (vii),(viii) and (ix) are
clear by definition. 
Remark 3.7. A natural question here is: can we through away some of the burden
in the definition of parasolid closure which we needed to obtain the basic properties
listed in 3.6? This refers in particular to the chains in 3.3, to localization and
completion in 3.5 and to the use of all local Noetherian rings in the definition of
universally parasolid. As for the last point, we will show in section 8 that for
K-algebras of finite type it is enough to consider only local algebras which are
essentially of finite type. (A variant with some advantages is to consider only those
local rings where the extended ideal of I is primary to the maximal ideal.)
Lemma 3.8. Let K be a field and let R be a Noetherian K-algebra, let f1, . . . , fn ∈
R and h ∈ R. Let ϕ : R → S be a finite extension such that h ∈ (f1, . . . , fn)S.
Then h ∈ (f1, . . . , fn)⋆.
Proof. Due to 1.4 (iii) the finite algebra S is universally parasolid. 
Remark 3.9. The statement in the last lemma is open in the case of mixed charac-
teristic and equivalent to the monomial conjecture. If we would define a parasolid
algebra by the condition that not the paraclasses c 6= 0 do not vanish, but only
these paraclasses which stay 6= 0 in every finite extension, then the contraction
property would also hold in mixed characteristic, but then we could not prove the
regular property anymore.
Example 3.10. The parasolid closure of 0 consists of the nilpotent elements. One
inclusion is clear from the definition which refers to domains. If h is not nilpotent,
then there exists a R→ R′ 6= 0 where h becomes a unit and then the forcing algebra
R′/(h) = 0 is not parasolid.
Example 3.11. Let C denote a local three-dimensional regular ring with maximal
ideal m = (x, y, z). Let
R = C/(xi + yj − zk), i, j, k ≥ 1 .
x and y are then parameters in R, we consider the forcing algebra for x, y and z,
hence
A = R[T1, T2]/(xT1 + yT2 − z) .
We have then the equation
xi + yj = (xT1 + yT2)
k (∗) .
Suppose that k > i (or k > j). From the last equation we can read off the
containment xi(1 − xk−iT k1 ) ∈ (y). Since k > i we have x
k ∈ (xi+1), hence we get
xi ∈ (y, xi+1) and this shows that D(x, y) ⊂ Spec A is affine. Then the forcing
algebra is not parasolid (not even solid) and z 6∈ (x, y)⋆.
HOW TO RESCUE SOLID CLOSURE 11
Suppose that k = i = j. From the equation (∗) we see xk(1 − T k1 ) ∈ (y),
yk(1 − T k2 ) ∈ (x) and
(
k
r
)
xryk−rT r1 T
k−r
2 ∈ (x
r+1, yk−r+1) for 1 ≤ r ≤ k − 1.
Suppose that k ≥ 2 and that at least one of the coefficients
(
k
r
)
, 1 ≤ r ≤ k − 1
is a unit in R. Then again xnym ∈ (xn+1, ym+1) for some n,m and z 6∈ (x, y)⋆.
4. Regular rings
Theorem 4.1. Let R be a regular local ring and let I ⊆ R be an ideal. Then
I = I⋆.
Proof. We may assume that R is complete. Let I = (f1, . . . , fn) and let h ∈ R and
let A denote the forcing algebra. Suppose that h belongs universally parasolidly to
f1, . . . , fn. This means in particular that A is parasolid. Hence due to 2.9 R is a
direct summand of A and then h ∈ (f1, . . . , fn). 
We give a second (more constructive) proof for the case that R contains a field.
Again we may assume that R is complete, hence R = K[[X1, . . . , Xd]]. Assume that
h 6∈ (f1, . . . , fn). Then also h 6∈ (f1, . . . , fn, Xm1 , . . . , X
m
d ) for m ∈ Z big enough
and then we find r = (r1, . . . , rd) such that h 6∈ (I,X
r1+1
1 , . . . , X
rd+1
d ), but h ∈
(I,Xr11 , X
r2+1
2 , . . . , X
rd+1
d ), . . ., h ∈ (I,X
r1+1
1 , . . . , X
rd−1+1
d−1 , X
rd
d ). In particular we
have hXi ∈ (I,X
r1+1
1 , . . . , X
rd+1
d ) for every variable Xi. We may replace I by
(I,Xr1+11 , . . . , X
rd+1
d ) = (f1, . . . , fn, X
r1+1
1 , . . . , X
rd+1
d ) and we may assume that
fj =
∑
ν≤r fj,νX
ν and also h =
∑
ν≤r hνX
ν .
There exists a K-linear form ϕ : K[[X1, . . . , Xd]] → K given by Xσ 7→ cσ such
that ϕ(I) = 0, but ϕ(h) = 1. Modulo (Xri+1i ) we have X
σfj =
∑
µ≤r fj,µ−σX
µ ∈
I, hence
∑
µ≤r cµfj,µ−σ = 0 (where fj,λ = 0 if some entry of λ is negative). Further-
more Xσh =
∑
µ≤r hµ−σX
µ belongs also to I for σ > 0, hence
∑
µ≤r cµhµ−σ = 0
for σ > 0, while
∑
µ cµhµ = 1. We consider∑
σ≤r
cr−σX
σ(f1T1 + . . .+ fnTn + h) =
∑
ν
aνX
ν ,
where aν ∈ K[T1, . . . , Tn] is the coefficient for Xν. Then for ν ≤ r we may write
aν =
∑
σ
cr−σ(f1T1 + . . .+ fnTn + h)ν−σ
=
∑
µ
cµ(f1T1 + . . .+ fnTn + h)µ−(r−ν)
= (
∑
µ
cµf1,µ−(r−ν))T1 + . . .+ (
∑
µ
cµfn,µ−(r−ν))Tn +
∑
µ
cµhµ−(r−ν) .
Since
∑
µ≤r cµfj,µ−(r−ν) = 0 for ν ≤ r and
∑
µ cµhµ−(r−ν) = 0 for ν < r and∑
µ cµhµ = 1 for ν = r we see that aν = 0 for ν < r and ar = 1. Hence we get∑
σ
cr−σX
σ(f1T1 + . . .+ fnTn + h) = X
r1
1 · · ·X
rd
d +R
where R ∈ (Xr1+11 , . . . , X
rd+1
d ), which shows that the paraclass for X1, . . . , Xd
vanishes in the forcing algebra. 
As usual in a tight closure type theory, we make the following definition.
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Definition 4.2. We call a Noetherian ring R pararegular if I = I⋆ holds for every
ideal I ⊆ R.
The Theorem tells us that regular local rings are pararegular. This is also true for
regular rings in general, since a locally pararegular ring is pararegular (the convers
is not clear). In connection with persistence we get the following two corollaries.
Corollary 4.3. Let R be a Noetherian ring which is a pure subring (e. g. a direct
summand) of a (para)regular ring S. Then R is pararegular.
Proof. Let I ⊆ R denote an ideal, and let h ∈ I⋆. Then also h ∈ (IS)⋆ = IS, but
R ∩ IS = I. 
Corollary 4.4. Let R be a Noetherian ring and let I ⊆ R be an ideal. Then the
parasolid closure of I is contained in the regular closure and in the integral closure,
I⋆ ⊆ Ireg ⊆ I¯.
Proof. Let h ∈ I⋆ and let R→ S be a regular local ring. Then h ∈ (IS)⋆ = IS, so
by definition it lies inside the regular closure. 
Of course one hopes that pararegular rings are reduced, normal and Cohen-
Macaulay, but we can prove only partial results. The Cohen-Macaulayness of para-
solid rings follows in equal characteristic from the comparision with tight closure,
see section 9.
Lemma 4.5. Let R denote a Noetherian domain and let R˜ denote its normaliza-
tion. Let 0 6= f ∈ R. If h ∈ (f)⋆, then h/f ∈ R˜. If R contains a field, then also
the converse holds.
Proof. Let h ∈ (f)⋆. This is then true in all discrete valuation domains B of R
and hence h ∈ fB, so h/f ∈ B. Then h/f lies in the intersection of all valuation
domains and hence in the normalization.
If h/f ∈ R˜, then consider the inclusion R ⊆ R[h/f ] ⊆ R˜ and we find h ∈ (f) in
the finite extension R[h/f ], which is universally parasolid if R contains a field. 
Proposition 4.6. Let R denote a Noetherian ring and suppose that R is parareg-
ular. Then the following holds.
(i) R is reduced.
(ii) If R is a domain and contains a field, then it is normal.
Proof. This follows from 3.10 and 4.5. 
Example 4.7. Let R = K[U, V,W ]/(UV −W 2) = K[X2, Y 2, XY ] ⊂ K[X,Y ] = S.
Then the cohomology class c = W/UV maps to 1/XY . Therefore c 6= 0, and its
annihilator is the maximal ideal (U, V,W ). The class c is no paraclass in H2
m
(R),
but in H2
m
(S). Let A denote an R-algebra where i(c) = 0. This means that we
have an equation W (UV )k = T1U
k+1 + T2V
k+1 and B factors through the forcing
algebra A for this equation. This gives on S the forcing algebra with equation
XY (X2Y 2)k = T1X
2(k+1) + T2Y
2(k+1). We know that H2
m
(A ⊗R S) = 0 due to
4.1 and 1.9 and hence this is also true for H2
m
(A), since A ⊂ A ⊗R S is a direct
summand.
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5. solid closure and parasolid closure
We recall the definition of solid closure. Let R denote a Noetherian ring and let
(f1, . . . , fn) = I ⊆ R be an ideal, h ∈ R. Then h ∈ Isc if and only if the forcing
algebra A on Rˆm/q is solid, where m runs through the maximal ideals of R and q
is a minimal prime in the completion Rˆm.
Proposition 5.1. Let R be a Noetherian ring and let I ⊆ R be an ideal. Then
I⋆ ⊆ Isc.
Proof. We may assume that R is a local complete domain. It is enough to show
that an element h which belongs universally parasolidly to I belongs to the solid
closure of I. The forcing algebra A for I, h is then universally parasolid and so in
particular solid. 
Proposition 5.2. Let K denote a field of positive characteristic p and let R denote
a Noetherian K-Algebra. Let I = (f1, . . . , fn) ⊆ R denote an ideal. Then I⋆ = Isc.
Proof. We have already shown the direct inclusion, thus suppose that h ∈ Isc.
Since solid closure is persistent [5, Theorem 5.6], we know for every local Noetherian
complete domain R→ R′ that Hd
m
(A′) 6= 0, where d is the dimension of R′ and A′
is the forcing algebra over R′. By 1.6 A′ is parasolid. 
We obtain the connection to tight closure in positive characteristic.
Corollary 5.3. Let K denote a field of positive characteristic p and let R denote a
Noetherian K-Algebra. Suppose that R is an algebra essentially of finite type over
an excellent local ring or that the Frobenius endomorphism in R is finite. Then
I∗ = I⋆ = Isc holds for every ideal I ⊆ R.
Proof. The equation I∗ = Isc is due to [5, Theorem 8.6]. 
Remark 5.4. The conditions imposed in the corollary imply that R has a com-
pletely stable weak test element for tight closure. Even without this condition it is
true that the tight closure lies inside the solid closure (= parasolid closure).
Example 5.5. We have a look at the example of Roberts. Let K be a field of
characteristic zero and consider in the polynomial ring R = K[X,Y, Z] the elements
X3, Y 3, Z3 and X2Y 2Z2. The forcing algebra is then
A = K[X,Y, Z][T1, T2, T3]/(X
3T1 + Y
3T2 + Z
3T3 +X
2Y 2Z2) .
This algebra is not parasolid, since the paraclass 1/XY Z does vanish in H3
m
(A),
and X2Y 2Z2 does not belong to (X3, Y 3, Z3)⋆ = (X3, Y 3, Z3).
On the other hand, the computation of Roberts in [12] shows that the class
1/X2Y 2Z2 does not vanish in H3
m
(A) and so A is a solid algebra (at least over
Rˆ) and X2Y 2Z2 belongs to (X3, Y 3, Z3)sc. This example also shows that some
paraclasses may survive, while others do not.
6. Order ideal and test ideal
An R-module homomorphism A = R[T1, . . . , Tn]/(f1T1 + . . . + fnTn + h) → R
is given by T ν 7→ rν ∈ R such that for every ν the condition
f1rν+e1 + . . .+ fnrν+en = rν
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holds, where ei is a standard base vector. It is in general not easy to construct
such a morphism. The elements r0 of such module homomorphisms build the order
ideal. We can use such order elements to compute tight closure.
Lemma 6.1. Let R be a commutative ring and let A be a forcing algebra for the
elements f1, . . . , fn, h. Let u ∈ U(A). Then uh ∈ (f1, . . . , fn).
If furthermore R contains a field of positive characteristic p, then uhq ∈ I [q] for
all q = pe.
Proof. Let u = ϕ(1). We apply ϕ to the forcing equation and get
uh = ϕ(1)h = ϕ(h) = f1ϕ(T1) + . . .+ fnϕ(Tn) .
Under the Frobenius homomorphism the forcing equation becomes f q1T
q
1 + . . . +
f qnT
q
n = h
q. We apply again ϕ and get uhq = f q1ϕ(T
q
1 ) + . . .+ f
q
nϕ(T
q
n). 
Remark 6.2. If R is a domain over a field of positive characteristic, and if U(A) 6=
0, then an element u 6= 0 can be taken to show that h ∈ I∗. It is not clear whether
an element u such that uhq ∈ I [q] for all q = pe does belong to the order ideal (in
the complete case). The proof of [5, Theorem 8.6] seems to give only that a power
of u is an order element.
The following ideal is a candidate for a test ideal for parasolid closure.
Definition 6.3. Let R denote a local Noetherian complete ring of dimension d.
We set
U(R) :=
⋂
A universally parasolid forcing algebra
U(A) .
and
V = 〈c ∈ Hd
m
(R) : ∃ universally parasolid forcing algebra i : R→ A, i(c) = 0〉 .
Lemma 6.4. Let R denote a local complete Gorenstein ring. Then U(R) = Ann V .
Proof. This follows from 2.7. Let u ∈ U(R) and let c ∈ V such that c vanishes
in the universally parasolid forcing algebra A. By definition u ∈ U(A) and then
uc = 0, and this holds also in the submodule generated by such c. On the other
hand, suppose that u ∈ Ann V and let i : R→ A be a universally parasolid forcing
algebra. Then kern i ⊆ V and u annihilates the kernel, hence u ∈ U(A). (This
correspondence is true for every family of algebras Ai.) 
Proposition 6.5. Let R denote a local complete Gorenstein ring which contains
a field of positive characteristic. Let T be the tight closure test ideal of R. Then
T = U(R).
Proof. We know that T = AnnR(0
∗
Hd
m
(R)), where 0
∗
Hd
m
(R) is the tight closure of the
submodule 0 ⊆ Hd
m
(R), see [10, Proposition 4.1]. Due to 6.4 it is enough to show
that V = 0∗
Hd
m
(R). We know 0
∗
Hd
m
(R) = {s/(x1 · · ·xd)
k : s ∈ (xk1 , . . . , x
k
n)
∗}. The
inclusion 0∗
Hd
m
(R) ⊆ V is clear, since s/(x1 · · ·xd)
k is zero in the forcing algebra for
s;xk1 , . . . , x
k
d and this forcing algebra is (formally solid, hence) universally parasolid.
So suppose that c = s/(x1 · · ·xd)k vanishes in a universally parasolid algebra B.
This means that there exists m ≥ 1 such that s(x1 · · ·xd)m ∈ (x
k+m
1 , . . . , x
k+m
d )
in B. Then the forcing algebra A for the elements s(x1 · · ·xd)m;x
k+m
1 , . . . , x
k+m
d
maps to B, and since B is universally parasolid also A is universally parasolid.
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Hence s(x1 · · ·xd)m ∈ (x
k+m
1 , . . . , x
k+m
d )
⋆ = (xk+m1 , . . . , x
k+m
d )
∗ and this means
that s(x1 · · ·xd)m/(x
k+m
1 · · ·x
k+m
d ) = s/(x
k
1 · · ·x
k
d) ∈ 0
∗. Therefore we have 0∗
Hd
m
(R) =
V . 
7. Pararegular rings
For a complete local Gorenstein ring there are a lot of different characterizations
to be pararegular.
Proposition 7.1. Let R denote a local complete Gorenstein ring of dimension d.
Let c ∈ Hd
m
(R) be a class such that Ann c = m (only in part (vii)). Then the
following are equivalent.
(i) R is pararegular, i.e. every ideal I ⊆ R is parasolidly closed.
(ii) Every universally parasolid forcing algebra A contains R as a direct sum-
mand.
(iii) Every ideal generated by parameters is parasolidly closed.
(iv) V = 0.
(v) U(R) = R.
(vi) Every universally parasolid R-algebra B contains R as a direct summand.
(vii) i(c) 6= 0 in every universally parasolid R-algebra B.
Proof. (i) and (ii) are equivalent for every local complete Noetherian ring due to
3.6 (v). (i) ⇒ (iii) is clear.
(iii) and (iv) are equivalent for a local complete Cohen-Macaulay ring. Suppose
that (iii) holds. Let x1, . . . , xd be parameters and let c = s/x1 · · ·xd and suppose
that i(c) = 0 vanishes in the universally parasolid forcing algebra A. This means
that s(x1 · · ·xd)k ∈ (x
k+1
1 , . . . , x
k+1
d ) holds in A and then A factors through the
forcing algebra to xk+11 , . . . , x
k+1
d ; s(x1 · · ·xd)
k, which is then also universally para-
solid. This means that s(x1 · · ·xd)k ∈ (x
k+1
1 , . . . , x
k+1
d )
⋆ = (xk+11 , . . . , x
k+1
d ) in R
and hence c = 0. For the converse suppose that s belongs universally parasolidly
to (x1, . . . , xd). Then c = s/x1 · · ·xd is zero in the universally parasolid forcing
Algebra, hence c ∈ V = 0. Then s annihilates the paraclass 1/x1 · · ·xd and since
R is Cohen-Macaulay, it follows that s ∈ (x1, . . . , xd).
Suppose furthermore that R is a complete Gorenstein ring. The equivalence (iv)
⇔ (v) follows from 6.4.
(iii) ⇒ (vi). Let i : R → B be a universally parasolid algebra. Due to 2.7 it
is enough to show that the cohomological mapping Hd
m
(R) → Hd
m
(B) is injective.
So let c = s/x1 · · ·xd and suppose that i(c) = 0. This means that s(x1 · · ·xd)
k ∈
(xk+11 , . . . , x
k+1
d ) holds in B and then again s(x1 · · ·xd)
k ∈ (xk+11 , . . . , x
k+1
d )
⋆ =
(xk+11 , . . . , x
k+1
d ) in R, thus c = 0.
(vi) ⇒ (vii) and (vi) ⇒ (ii) are clear. (vii) ⇒ (v). If A is a universally parasolid
forcing algebra, then i(c) 6= 0, hence U(A) 6⊆ Ann c = m, thus U(A) = R. 
Corollary 7.2. Let R denote a local Gorenstein ring. Then R is pararegular if
and only if Rˆ is pararegular.
Proof. ⇐ is always true and follows from 4.3. The converse holds because of 7.1
(iii). 
Remark 7.3. Since direct summands of regular rings are pararegular, we get a
lot of pararegular but non-regular rings. If we work over a base field K, then all
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the quotient singularities are pararegular, for example K[x, y, z]/(xy − zn). This
equation yields also in mixed characteristic pararegular rings, as the following com-
putation shows.
Example 7.4. Let C denote a local three-dimensional regular ring with maximal
ideal m = (x, y, z) and consider
R = C/(xy − zn), n ≥ 1 .
The elements x and y are now parameters in R. We want to show that R is
pararegular. The annihilator of c = zn−1/xy ∈ H2
m
(R) is the maximal ideal (x, y, z).
Due to 7.1 we have to show that if c vanishes in an R-algebra A, then A is not
universally parasolid, and it is enough to look at a forcing algebra A given by an
equation
zn−1(xy)k = T1x
k+1 + T2y
k+1, k ≥ 0.
This equation yields
1 =
T1x
k+1
zn−1(xy)k
+
T2y
k+1
zn−1(xy)k
=
T1x
zn−1yk
+
T2y
zn−1xk
(∗) .
The equations
T1z
yk+1
=
T1xz
xyk+1
=
T1xz
znyk
=
T1x
zn−1yk
= 1−
T2y
zn−1xk
= 1−
T2z
xk+1
show that T1x/z
n−1yk (and also T2y/z
n−1xk) is a function defined on D(x, y) ⊆
Spec A. We take the 2n power of (∗) and get
1 = (
T1x
zn−1yk
+
T2y
zn−1xk
)2n = P (
T1x
zn−1yk
)n +Q(
T2y
zn−1xk
)n ,
where P and Q are polynomials in T1x/z
n−1yk and T2y/z
n−1xk and hence defined
on D(x, y). We write
(
T1x
zn−1yk
)n =
T n1 x
n
z(n−1)nykn
=
T n1 x
n
(xy)n−1ykn
=
T n1
yn(k+1)−1
x .
Hence it is enough to show that T n1 /y
n(k+1)−1 is defined on D(x, y), for then we
know that (x, y) is the unit ideal in the ring of global sections Γ(D(x, y),OA) (and
D(x, y) is affine and A is not parasolid). From T1x
k+1 = zn−1(xy)k − T2yk+1 we
get
(T1x
k+1)n = (zn−1(xy)k − T2y
k+1)n = ykn(zn−1xk − T2y)
n
= ykn
n∑
i=0
(
n
i
)
xkiz(n−1)i(−T2y)
n−i
= ykn
n∑
i=0
(
n
i
)
xkizn(i−1)zn−i(−T2y)
n−i
= ykn
n∑
i=0
(
n
i
)
xki(xy)i−1(−T2zy)
n−i
=
yknyn−1
x
n∑
i=0
(
n
i
)
xki+i(−T2z)
n−i =
y(k+1)n−1
x
(xk+1 − T2z)
n
and hence T n1 /y
n(k+1)−1 = (xk+1−T2z)
n/xn(k+1)+1, so that this function is defined.
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In the preceeding example it would have been enough to consider only k = 0, as
the following lemma shows.
Lemma 7.5. Let R denote a local two-dimensional Gorenstein ring. Let c =
s/xy ∈ H2
m
(R) be an element such that Ann c = m. Then R is pararegular if and
only if D(x, y) ⊆ Spec R[T1, T2]/(xT1 + yT2 + s) is affine.
Proof. We may assume that R is complete. Due to 7.1 it is enough to show that
if c = 0 in an R-algebra B, then B is not universally parasolid, and for that it
is enough to show that D(x, y) ⊆ Spec B is affine. If c = 0 holds in B then this
algebra factors through a forcing algebra for elements xi+1, yj+1; sxiyj for some
i, j ≥ 0. We have a ring homomorphism
R[S1, S2]/(sx
iyj + xi+1S1 + y
j+1S2) −→ R[T1, T2]/(s+ xT1 + yT2)
given by S1 7→ yjT1, S2 7→ xiT2. This mapping is an isomorphism on D(x, y) (check
locally on D(x) and D(y)), hence if D(x, y) is affine on the right, it is affine on the
left (In fact D(x, y) ⊆ Spec R[T1, T2]/(xT1 + yT2 + s) is an affine-linear bundle of
rank one over D(x, y) ⊆ Spec R and it is a geometric representation (as a torseur)
of the class c = s/xy ∈ H1(D(x, y),OR) ∼= H
2
m
(R)). 
8. Expressing datas over Z
Suppose that a certain R-algebra is not parasolid. Then we can express this
fact by finitely many equations over Z and from this we get a lot of other rings R′
where the corresponding algebra is also not parasolid. This gives in particular rela-
tions between the situation in positive characteristic, zero characteristic and mixed
characteristic. The following lemma is the most general version of this observation.
Lemma 8.1. Let D denote a commutative ring and let B be a finitely generated
D-algebra. Suppose that there exists a local Noetherian D-algebra R of dimension d
such that B⊗D R is not parasolid. Then there exists a finitely generated D-algebra
S = D[X1, . . . , Xd, Y1, . . . , Ym]/a such that
(i) S ⊆ R and X1, . . . , Xd are parameters in R.
(ii) The cohomology class 1/X1 · · ·Xd ∈ Hd(X1,...,Xd)(S) is not zero.
(iii) The cohomology class 1/X1 · · ·Xd ∈ Hd(X1,...,Xd)(B ⊗D S) is zero.
Moreover, for every local Noetherian S-algebra R′ such that X1, . . . , Xd become
parameters with non-vanishing paraclass, the algebra B ⊗D R′ is not parasolid.
Proof. Let B be given by B = D[T1, . . . , Tn]/(P1, . . . , Pm). Since B ⊗D R is not
parasolid, there exists parameters x1, . . . , xd in R (with non vanishing paraclass)
such that their paraclass does vanish in B⊗DR = R[T1, . . . , Tn]/(P1, . . . , Pm). This
means that (x1 · · ·xd)k ∈ (x
k+1
1 , . . . , x
k+1
d ) or that we have an equation
(x1 · · ·xd)
k = G1x
k+1
1 + . . .+Gdx
k+1
d +H1P1 + . . .+HmPm
where Gi, Hj ∈ R[T1, . . . , Tn]. Let yj ∈ R be all the coefficients of Gi and Hj
together. Now take the finitely generated D-subalgebra S := D[x1, . . . , xd, yj ] ⊆ R.
(i) is clear by definition and (ii) is clear, since the paraclass maps to the paraclass
in R. (iii). We have the inclusion S[T1, . . . , Tn] ⊆ R[T1, . . . , Tn] and so the last
equation holds also in S[T1, . . . , Tn], and hence (x1 · · ·xd)k ∈ (x
k+1
1 , . . . , x
k+1
d ) holds
in B ⊗D S = S[T1, . . . , Tn]/(P1, . . . , Pm).
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If S → R′ is a mapping to a local Noetherian ring where the images of the Xi
are parameters with non-vanishing paraclass, then this class vanishes in B ⊗D R′,
showing that this algebra is not parasolid. 
Corollary 8.2. Let D = Z[F1, . . . , Fn, H ] and let B = D[T1, . . . , Tn]/(F1T1+ . . .+
FnTn+H) be the universal forcing algebra. Let R be a local Noetherian ring and let
f1, . . . , fn, h ∈ R be elements so that R is a D-algebra via Fi 7→ fi, H 7→ h. Suppose
that the forcing algebra B ⊗D R over R is not parasolid and that the paraclass to
the parameters x1, . . . , xd ∈ R is 6= 0, but vanishes in the forcing algebra. Then
there exists a finitely generated Z-subalgebra S ⊆ R,
S = Z[F1, . . . , Fn, H,X1, . . . , Xd, Yj ]/a
such that the cohomology class 1/X1 · · ·Xd ∈ Hd(X1,...,Xd)(S) is not zero, but it is
zero in Hd(X1,...,Xd)(B ⊗D S).
Proof. This follows from 8.1. 
Remark 8.3. The previous lemma leads to the following finitely generated Z-
algebras (for d, n,m, k ∈ N)
S = Z[F1, . . . , Fn, H,X1, . . . , Xd, Cν , C1ν , . . . , Cdν , |ν| ≤ m]/a ,
where the relations (the generators of a = ak) have to be choosen in such a way
that they yield the equation
(X1 · · ·Xd)
k+Xk+11
∑
|ν|≤m
C1νT
ν+. . .+Xk+1d
∑
|ν|≤m
CdνT
ν+
∑
|ν|≤m
CνT
ν(
n∑
i=1
TiFi+H)
in the forcing algebra for Fi, H over S. This gives the relations (looking at the
coefficients of each monomial T ν)
(X1 · · ·Xd)
k + C10X
k+1
1 + . . .+ Cd0X
k+1
d + C0H
and
C1νX
k+1
1 + . . .+ CdνX
k+1
d + CνH + F1Cν−e1 + . . .+ FnCν−en ,
where |ν| ≤ m, ei is the i-th unit vector and Cν−ej = 0 for νj = 0.
Corollary 8.2 may be applied to show that if some rings containing a field are
pararegular, then also the corresponding rings in mixed characteristic are parareg-
ular. This technique may be thought of as a kind of reduction to the field case.
Proposition 8.4. Let G ∈ Z[X,Y, Z] be a polynomial of type G = XG1 + Y G2 +
Zn, n ≥ 1 and suppose that R = Q[X,Y, Z]/(G) is pararegular. Let C denote a
three-dimensional regular ring with maximal ideal m = (x, y, z). Then R′ = C/(G)
is pararegular except for finitely many residue characteristics.
Proof. R′ is a local Gorenstein ring and the elements x and y are parameters.
The annihilator of the class zn−1/xy is the maximal ideal (x, y, z). Due to 7.5 we
have to show that a geometric realization of this class over D(x, y) is affine. Let
B = Z[X,Y, Z][T1, T2]/(G,XT1 + Y T2 + Z
n−1) be the forcing algebra over Z.
Due to our assumption the open subset D(X,Y ) ⊆ Spec BQ is affine. This
means that there exists an equation
(XY )k + C1X
k+1 + C2Y
k+1 + C3(XT1 + Y T2 + Z
n−1) = 0
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in BQ. Taking into account the coefficients in Ci, this equation holds also in Bg,
0 6= g ∈ Z, hence
D(X,Y ) ⊆ SpecZg[X,Y, Z][T1, T2]/(G,XT1 + Y T2 + Z
n−1)
is affine. If the residue characteristic of R′ does not divide g, then we have a
factorization Zg[X,Y, Z]/(G)→ R′ and D(x, y) is affine in the forcing algebra over
R′. 
Remark 8.5. The previous proposition may be applied to the equations xy+zn =
0, x2y+yk+z2 = 0, x2+y3+z4 = 0, x3+xy3+y2+z2 = 0, x2+y3+z5 = 0. These
equations define over Q a quotient singularity, hence they are pararegular. Hence
we know by the proposition that these equations give also in mixed characteristic
pararegular rings except for finitely many characteristics. If we want to have more
information about the number g ∈ Z we need to compute an explicit representation
of the unit, as in example 7.4.
This can be obtained in the following way. We have an explicit quotient map
ϕ : A2Q → Spec R, ϕ(u, v) = (ϕ1(u, v), ϕ2(u, v), ϕ3(u, v)) = (x, y, z) .
When we pull back the forcing algebra A for x, y, zn−1 to the regular ring Q[u, v] we
get a forcing algebra B over a regular ring which has an easy structure, in particular
we can find functions p′, q′ defined on D(u, v) ⊆ Spec B such that p′u + q′v = 1.
The group acts also on Spec B and on the ring of global sections Γ(D(u, v),OB)
and so we find also invariant functions p, q such that px + qy = 1. This gives the
equation in A showing that D(x, y) is affine.
This method works in principle also in higher dimensions, but then it is not clear
that we only have to look at one forcing algebra.
Another feature of corollary 8.2 is that it allows us to apply Hochster’s finiteness
theorem (see [2, Theorem 8.4.1]) to parasolid closure and so to reduce statements
in characteristic zero to positive characteristic. With this method we may prove
the Theorem of Brianc¸on-Skoda in characteristic zero for parasolid closure.
Proposition 8.6. Let R denote a Noetherian ring containing a field K and let
I = (f1, . . . , fn) be an ideal. Then In+w ⊆ (Iw+1)⋆.
Proof. We may assume that R is local. In positive characteristic this is a standard
result for tight closure (see [9, Theorem 5.7]), so by 5.3 and 5.4 it is also true for
parasolid closure. Lets assume that the characteristic of K is zero and assume that
we have a counter example in the local ring R ⊇ Q, i.e. h ∈ In+w but h 6∈ (Iw+1)⋆.
This means in particular that the forcing algebra for f1, . . . , fn, h is not parasolid
over R → R′, but since the condition on the integral closure is persistent we may
assume that R = R′. Let x1, . . . , xd ∈ R be parameters in R such that their
paraclass vanishes in the forcing algebra.
We have to express the relevant datas in a finitely generated Z-algebra. The
condition h ∈ In+w means that we have an equation
hs + a1h
s−1 + . . .+ as = 0, where ai ∈ (I
n+w)i = Ii(n+w) .
This means that we may write ai =
∑
ν, |ν|=i(n+w) rνf
ν1
1 · · · f
νn
n . Furthermore the
vanishing of the paraclass has to be expressed as in 8.3. Hence everything may be
expressed by the Z-algebra
Z[F1, . . . , Fn, H,Rν (|ν| = i(n+ w), i = 1, . . . , s), X1, . . . , Xd, C1ν , . . . , Cdν , Cν ]/a ,
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and since this algebra has a solution of height d (with respect to X1, . . . , Xd) in
a local Noetherian ring over a field of characteristic zero, it has also a solution of
height d over a field of positive characteristic, see [2, Theorem 8.4.1]. This yields a
contradiction. 
Remark 8.7. We take a look at the situation of colon-capturing, i.e. suppose that
hyt ∈ (y1, . . . , yt−1), where y1, . . . , yt are parameters. We would like to prove that
h ∈ (y1, . . . , yt−1)
⋆. This is true again via tight closure in positive characteristic,
but applying the method of the last proposition shows only that the corresponding
forcing algebra is parasolid, whereas universally parasolid is not clear due to the
fact that the condition in colon-capturing is not persistent. Nethertheless we will
show that colon-capturing holds for parasolid closure in equal characteristic zero in
the next section.
Our definition of parasolid closure refers to all local Noetherian rings in order
to make it persistent. The following proposition describes an important situation
where it is enough to consider only algebras essentially of finite type.
Proposition 8.8. Let K be a field and let R denote a K-algebra of finite type. Let
A be an R-algebra of finite type and suppose that A′ = A ⊗R R′ is parasolid for
every R → R′, where R′ is local and essentially of finite type over K. Then A is
universally parasolid, i.e. A′ is parasolid for every Noetherian local ring R′.
Proof. Suppose that R → R′ is a Noetherian local ring of dimension d such that
A ⊗R R′ is not parasolid. Due to 8.1 there is a finitely generated R-subalgebra
S ⊆ R′ containing elements x1, . . . , xd ∈ S which are parameters in R′ and which
have the properties of the lemma.
S is also finitely generated over the field K and the superheight of (x1, . . . , xd) is
exactly d. We know due to a theorem of Koh [11] that the superheight equals the
finite superheight, hence there exists a morphism essentially of finite type S → R′′
(R′′ may be choosen to be the localization at a maximal ideal of S′, S → S′ of
finite type) such that (x1, . . . , xd) are parameters in the local ring R
′′. But then
their paraclass does vanish in Hd
m
′′(A′′) and we have a contradiction. 
Corollary 8.9. Let K be a field and let R denote a K-algebra of finite type. Let
I ⊂ R be an ideal and let h ∈ R be an element, and let A denote the forcing algebra
for h, I. If A′ is parasolid for every R → R′ essentially of finite type over K, R′
local, then h ∈ I⋆.
Proof. This follows directly from 8.8. 
9. Generic properties
We want to show that tight closure in equal characteristic zero is contained inside
the parasolid closure. For this we have to consider a relative situation over a base
scheme Spec D and we have to compare the parasolid closure in the generic fiber
with the parasolid closure in the special fibers. For a D-algebra S and a point
µ ∈ Spec D we denote by Sµ = S ⊗D κ(µ) the ring of the fiber over µ. Later on D
will be a finitely generated Z-domain (often D = Z) so that the closed points have
positive characteristic while the generic point has characteristic zero.
Lemma 9.1. Let D be a Noetherian domain with generic point η ∈ Spec D. Let
S be an domain of finite type over D such that the fibers are equidimensional of
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dimension d over a non-empty open subset. Let R = Sη be the ring of the generic
fiber, which is a d-dimensional domain of finite type over Q(D). Let m denote a
maximal ideal of R and suppose that x1, . . . , xd ∈ R are parameters in Rm. Let A
be an R-algebra of finite type and suppose that the paraclass 1/x1 · · ·xd vanishes in
Hd
m
(A).
Then there exists a non-empty open affine subset D(g) ⊆ Spec D, a prime ideal
n ⊆ S and an S-algebra B of finite type such that the following hold.
(i) The elements x1, . . . , xd are defined on Sg and they are primary to n ⊆ Sg.
(ii) For every point µ ∈ D(g) the intersection Spec Sµ ∩ V (n) is non-empty
and zero-dimensional, and for every closed point P ∈ Spec Sµ ∩ V (n) the
x1, . . . , xd are parameters in (Sµ)P .
(iii) A = Bη.
(iv) For every µ ∈ D(g) and every closed point P ∈ Spec Sµ∩V (n) the paraclass
1/x1 · · ·xd ∈ HdP ((Sµ)P ) vanishes in H
d
P ((Bµ)P ).
Proof. During the proof the open subset D(g) gets smaller and smaller. Of course
there exists 0 6= g ∈ D such that x1, . . . , xd ∈ Sg. There exists a unique prime
ideal n ⊂ S such that nSη = m, n ∩ D = {0}. We have (x1, . . . , xd) ⊆ n in Sg
and n is a minimal prime over (xi). Let ni denote the other minimal primes over
(x1, . . . , xd). Since these do not survive in Sη, there exist elements 0 6= gi ∈ D
and gi ∈ ni. Making gi to units, we may assume that (x1, . . . , xd) ⊆ n is the only
minimial prime. This gives (i).
The mapping V (n)→ Spec D is finite in the generic point, hence it is finite over
an open non-empty subset, and V (n)∩Spec Sµ is zero-dimensional and non-empty.
If P is a closed point in this intersection, then the xi generate up to radical the
maximal ideal mP in (Sµ)P . Since the dimension of every component of the fiber
Spec Sµ is d, the height of P in the fiber is d, hence the xi are parameters.
The construction of B is clear.
Generically we have (x1 · · ·xd)k ∈ (x
k+1
1 , . . . , x
k+1
d ) in A = Bη. The coefficients
of this equation belong to Bg and hence this equation holds over an open neigh-
bourhood. Then it holds for every Bµ over D(g) and this shows that the paraclass
1/x1 · · ·xd ∈ HdP ((Bµ)P ) vanishes. 
Remark 9.2. If D is a Hilbert ring so that the closed points in Spec D are dense,
then the condition that the fibers are equidimensional over an open non-empty
subset is superfluous, since this follows from [3, Theorem 14.8] and the condition
that S is a domain.
Corollary 9.3. Let D be a Noetherian domain with generic point η ∈ Spec D. Let
S be a domain of finite type over D such that the fibers are equidimensional. Let
B be an S-algebra. Suppose that the set {µ ∈ Spec D : Sµ → Bµ is parasolid } is
dense in Spec D. Then Sη → Bη is parasolid in the generic point.
Proof. Suppose that Bη is not parasolid in the generic point. This means that there
exists a maximal ideal m ⊆ Sη = R and parameters x1, . . . , xd ∈ Rm such that their
paraclass vanish in (Bη)m. We find 0 6= s ∈ S, s 6∈ m such that x1, . . . , xd ∈ Ss =:
S′. We may then work with S′ instead of S. Due to 9.1 the xi are parameters in
the closed points of the fibers over an open non-empty subset and their paraclass
vanishes in Bµ, hence Bµ is not parasolid over Sµ for an open non-empty subset,
yielding a contradiction. 
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We obtain an even stronger result if the special points have positive character-
istic.
Corollary 9.4. Let D be a Z-domain of finite type and let S be a domain of
finite type over D. Suppose that the fibers Spec Sµ are normal (or analytically
irreducible). Let B be an S-algebra. Suppose that the set {µ ∈ Spec D : Sµ →
Bµ is parasolid } is dense in Spec D. Then Sη → Bη is universally parasolid in
the generic point η ∈ Spec D.
Proof. First note that the residue class fields of the closed points in Spec D have
positive characteristic. If for a closed point µ the Sµ-algebra Bµ is parasolid, then
it is also universally parasolid due to the assumptions on the fibers and 1.7 and
1.5. We have to show that A = Bη is universally parasolid over R = Sη and due
to 8.8 it is enough to show that A′ is parasolid over R′, where R′ is of finite type
over R. There exists also an S-algebra S′ of finite type such that R′ = S′η. Then
the S′-algebra B′ = B ⊗S S′ is again parasolid over a dense subset of Spec D and
then also the generic algebra is parasolid. 
We apply these results to forcing algebras and to the parasolid closure of an
ideal.
Proposition 9.5. Let D denote a Noetherian domain with generic point η. Let
S be a D-domain of finite type such that the fibers are equidimensional, and let
R = Sη be the ring of the generic fiber. Let I ⊆ S be an ideal and h ∈ S and let B
be the forcing algebra for h and I. Then the following hold.
(i) If the forcing algebra A = Bη is not parasolid in the generic point, then
there exist a non-empty open subset D(g) ⊆ Spec D such that the forcing
algebra Bµ is not parasolid over Sµ for µ ∈ D(g).
(ii) Suppose that h 6∈ I⋆. Then there exists a non-empty open subset D(g) ⊆
Spec D such that the forcing algebra Bµ is not universally parasolid over
Sµ, µ ∈ D(g) (If the characteristic of κ(µ) is positive, this means that
h 6∈ I⋆ in Sµ.)
Proof. The first statement follows from 9.3, so consider (ii). Since h 6∈ I⋆, the
forcing algebra Bη is not universally parasolid, hence we know due to 8.9 that there
exists a ring homomorphism R→ R′ of finite type to a domain R′ and a maximal
ideal m′ ⊆ R′ such that A′ is not parasolid over R′
m
′ . There exists an S-domain S′
of finite type such that R′ = S′η. Part (i) shows that there exists a non-empty open
subset D(g) ⊆ Spec D such that B′µ is not parasolid over S
′
µ for µ ∈ D(g), hence
Bµ is not universally parasolid over Sµ for µ ∈ D(g). 
There are different ways to define tight closure in equal characteristic zero all
refering to positive characteristic. We cite the definition from [9, Appendix, defini-
tion 3.1].
Definition 9.6. Let C be a locally excellent Noetherian ring containing Q, let
h ∈ C and let I = (f1, . . . , fn) ⊆ C be an ideal. Then h belongs to the tight closure
of I, h ∈ I∗, if there exists a finitely generated Z-subalgebra S ⊆ C with h ∈ S and
f1, . . . , fn ∈ S such that hκ ∈ I∗κ in Sµ for almost all κ = κ(µ), µ ∈ Spec Z.
Proposition 9.7. Let Z ⊆ S be a Z-domain of finite type and let I ⊆ S be an
ideal, h ∈ S. Set R = SQ and suppose that h 6∈ I⋆ in R. Then there exists an open
non-empty subset U ⊆ Spec Z such that h 6∈ I∗ for every closed point µ ∈ U .
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Proof. This follows from 9.5 and 5.3. 
Remark 9.8. This result means that if h ∈ I∗κ(µ) holds for a dense (=infinite)
subset of points µ with positive characteristic, then h ∈ I⋆Q in the generic point
(of characteristic zero). This is in particular true if h ∈ I∗
κ(µ) holds for an open
non-empty subset – and this is the definition of tight closure in characteristic zero.
It is not clear whether h ∈ I∗
κ(µ) can be true for a dense set without being true for
almost all κ(µ) (see [9, Appendix 1.8]).
Corollary 9.9. Let K denote a field of characteristic zero and let C be a Noetherian
locally excellent K-algebra and let I ⊆ C be an ideal. Then I∗ ⊆ I⋆.
Proof. Suppose that h ∈ I∗. We may express the relevant datas in a finitely
generated Z-algebra S ⊂ C such that SQ ⊆ C and where hκ ∈ I∗κ holds for almost
all κ. We may assume that C and S are domains. Then due to 9.7 we have h ∈ I⋆
in SQ and then due to the persistence of parasolid closure this holds also in C. 
Remark 9.10. It follows from 9.9 that also colon capturing (and again the The-
orem of Brianc¸on-Skoda) holds in equal characteristic zero for parasolid closure.
Of course one would like to prove these facts also without referring to positive
characteristic, and also for mixed characteristic.
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